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Simulation of open-quantum-system dynamics using the quantum Zeno effect
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We suggest a quantum simulator that allows to study the role of memory effects in the dynamics of
open quantum systems. A particular feature of our simulator is the ability to engineer both Markovian and
non-Markovian dynamics by means of quantum measurements and the quantum Zeno dynamics induced by
them. The simulator is realized by two subsystems of a bipartite quantum system or two subspaces of a
single system which can be identified as system and meter. Exploiting the analogy between dissipation and
quantum measurements, the interaction between system and meter gives rise to quantum Zeno dynamics, and
the dissipation strength experienced by the system can be tuned by changing the parameters of the measurement,
i.e., the interaction with the meter. Our proposal can readily be realized with existing experimental technology,
such as cavity- or circuit-QED platforms or ultracold atoms.
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I. INTRODUCTION

Quantum simulation uses a controllable quantum system
to study another less controllable quantum system [1]. It
promises to advance the study of many-body dynamics in con-
densed matter physics [1], but application to open quantum
systems is also most natural [2—19]. Realizations to date have
focused on qubit dynamics, encoding the system in trapped
ions [3], photon polarization [4,6,16,18], superconducting
qubits [19], or nuclear spins [10], but more complex systems
such as the light harvesting complex have also been suggested
[5]. A key interest in the quantum simulation of open quantum
systems is a controllable transition from Markovian to non-
Markovian dynamics, as quantified by one of the various
non-Markovianity measures [20-22]. This is motivated in a
twofold way. First, non-Markovian dynamics are ubiquitous
in condensed phase [23], encountered in settings as different
as light harvesting or solid-state based quantum technologies,
but inherently difficult to describe and study [24]. Second,
memory effects may present an exploitable resource [25-29],
allowing, for example, for more efficient cooling [30], bet-
ter quantum communication [31,32], and improved quantum
gate operation [33,34]. For memory effects to appear in a
multi-partite open system quantum simulator, one needs to
engineer suitable environmental correlations [10] or a suf-
ficiently strong interaction of system and environment. The
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latter can be achieved with superconducting qubits encoding
both system and environment [5,19]. What is missing to date
is an open system quantum simulator that allows us to fully
tune the strength of memory effects. This is essential to study
the role of non-Markovianity in the engineering and control
of open quantum systems.

Here, we fill this gap by providing a framework for
inducing and tailoring open system dynamics with tunable
non-Markovianity and dissipation. Our protocol is based on
quantum measurements and exploiting quantum Zeno dy-
namics, by coupling a system to a meter which is measured
destructively after a short interaction time, cf. Fig. 1(a). In the
limit of quasi-continuous measurements, the system dynamics
is confined to a specific subspace, i.e., it turns into quantum
Zeno dynamics [35]. We show here that the control available
in the measurement process can be used to simulate the
effect of an engineered environment, with full tunability of
the system dynamics from being memoryless to exhibiting
effects of memory. Moreover, in the Markovian limit, we can
generate arbitrary open system dynamics.

II. THEORETICAL FRAMEWORK

For simplicity, we take the system to be a harmonic os-
cillator, Hy = >, wn|n) (n|, where we have set the vacuum
energy to zero (h = 1 throughout). Note that considering a
finite n-level system instead leads to qualitatively the same
results (cf. Appendix B). The system is coupled to a meter
which we model by a three-level system with states |A), |g),
and |e), Ay = o' |g) (g] + (@ + ') |e) (e|. The energy of |h)
is set to zero and the |g) <> |e) transition is resonant with
the system frequency o while the |h) <> |g) transition is far
off-resonant with w <« @’. The meter can easily consist of
more than three levels but existence of one resonant and at

Published by the American Physical Society


https://orcid.org/0000-0003-3962-1333
https://orcid.org/0000-0001-6285-5766
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.2.023133&domain=pdf&date_stamp=2020-05-06
https://doi.org/10.1103/PhysRevResearch.2.023133
https://creativecommons.org/licenses/by/4.0/

PATSCH, MANISCALCO, AND KOCH

PHYSICAL REVIEW RESEARCH 2, 023133 (2020)

(a) )

apparatus environment

[\

Ps (t)

FIG. 1. (a) Analogy between indirect measurement of a system
by a meter (left) and an open system (right). (b) Energy level diagram
of a bipartite system consisting of a harmonic oscillator and a few-
level system, interacting with three external fields—a drive D of
the harmonic oscillator (red) and two Zeno pulses Z; (green, open
notched arrowhead) and Z, (blue, notched arrowhead) addressing the
levels |z = 1) and |z = 2). Arrows with solid (dashed) lines indicate
(off-)resonant transitions.

least one off-resonant transition is essential. The resulting
coupling, in the interaction picture with respect to the drift
Hamiltonian, Hy = H, + H,,, and using the rotating wave
approximation, can then be described by a Jaynes-Cummings
type interaction [36],

Ay = = (6.0 + 612) (1)
with Rabi frequency 2, 6. = |g) (e] = cﬂ, and creation and
annihilation operators a‘" for the harmonic oscillator. The

eigenstates of I-Lm are the dressed states |g, 0), and |+, n) =
%ﬂe, n—1) % |g n)) for n > 1 with eigenenergies E,fc =

wn =+ %ﬁ [36], cf. Fig. 1(b). In addition to its coupling to
the meter, the system is driven by a resonant classical source
D with field strength o,

Hp = ad +a*a. )

We assume the drive to be weak compared to the coupling
with the meter, o < €2, such that the system will only be
driven if the meter is in |A). In this limit, Hp will induce a dis-
placement 8 = —iat of the system state, Up(t) = e~ 07 =
PG,

A tunable source of dissipation is introduced by a series of
indirect measurements of the system state using identical me-
ters, cf. Fig. 1(a). These measurements will determine whether
the system is in a specific Fock state |z), the “Zeno level.” To
this end, system and meter are coupled by a so-called Zeno
pulse Z, with coupling strength g, which is resonant to the

|h, z) < |+, z) transition,
4~ 8
H = §(|h,z> (+, 2zl + |+, 2) (h, z]), A3)

cf. Fig. 1(b). Z; will induce Rabi oscillations only if the system
is in the Zeno level, U,(t) = e 7 = e(ha(+.2l++.0)(h2De:/2
accumulating a Rabi angle ¢, = g, during the interaction
time 7. Thus there will only be population in the state |+, z) if
there was population in |z) initially. A subsequent destructive
measurement of the meter at time t, corresponding to a
partial trace over the meter, thus provides information on
the population of |z) [35]. Due to the anharmonicity of the
dressed states it is straightforward to employ several Zeno
pulses Z, addressing multiple levels |z;) at the same time,
with Hamiltonian Az = Y"*, H,, where Ny is the number of
Zeno pulses employed. The system state at the end of one time
interval T can be obtained in terms of the piecewise dynamics,

Pt +7) = Tru{0 (0)p()0 1 (1)} )

with U (1) = e " Ho+Hm+H)T and p (p,) describing the bipar-
tite (reduced) state. The sequence of coupling the system to
a meter during time t and performing a destructive measure-
ment of the meter afterwards is repeated several times, with
the new meter initially always in |4). For small displacements
of the system between two measurements, |8| < 1, the proto-
col gives rise to quantum Zeno dynamics (QZD) [35,37,38].
Hence, when choosing an initial state of the system below the
Zeno level, |ny < z), the dynamics is confined to the Zeno
subspace H, = {|0), ..., |z — 1)}. The displacement S (due
to the drive D) and the Rabi angle ¢, (due to the Zeno pulse
Z,) act as “knobs” to control the dynamics of the quantum
simulator as we show below.

III. IMPLEMENTATION OF THE
OPEN-QUANTUM-SYSTEM SIMULATOR

To illustrate the implementation of the simulator, we
choose the overall protocol duration 7" such that —iaT =
27 and we take the initial state to be |nyg = 0). To quantify
the amount of dissipation, we use the linear entropy, S, =
1 - Tr{,éf}. For the following discussion and explanation of
the system dynamics, it also proved to be useful to define
a measure for the infidelity of the QZD. To this end, we
introduce the population P; that has escaped from the Zeno
subspace, P; = Z;‘;Z (n|p4(T)|n). In addition to that, we
expect the system dynamics to display memory effects and
use the so-called BLP measure quantifying non-Markovianity
as accumulated revivals in distinguishability of two initial
states [39]. The optimal state pair which maximizes the BLP
measure for our choice of « and |z) is given by

o 2
Wy (9)) = cos (5) 10) + sin <5>|1>, W) =12) 5)

for all ¥ € [0, 27) as can be shown by analytical reasoning in
Appendix A, and we take ¢ = 0 in the following.

A. Implementation with one Zeno pulse

We start by discussing the quantum simulator subject to
the drive D (which controls the displacement ) and one
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FIG. 2. Infidelity P; of the quantum Zeno dynamics (a), dissipa-
tion Sy (b), and non-Markovianity measure Npip (c) as a function
of the displacement g due to the drive D and the Rabi angle ¢,
accumulated due to the Zeno pulse Z,. (Inset) Nip as a function
of ¢, for B = 0.025 (blue dotted, circles, highest peaks), 0.050 (red
dashed, crosses), and 0.075 (green dash-dotted, squares, smallest
peaks) with linearly increasing peak heights. The data points which
generate the linear functions were calculated analytically.

Zeno pulse Z,_, addressing the Zeno level |z =2) (which
controls the Rabi angle ¢,_»,), cf. Fig. 2. An arbitrary degree
of dissipation, indicated by S;, can be engineered by tuning
B and ¢,. The figure shows that there is a clear correlation
between the dissipation and the infidelity of the QZD, P;. In
particular, strong dissipation can be realized by a small ¢,
where the population leaves the Zeno subspace. Only in this
case, the Zeno level |2), which is the only state being subject
to dissipation due to the Zeno coupling, is populated. Hence, it
is constructive to understand the mechanisms leading to Zeno
confinement in more detail as there is more than one.

(1) QZD describes the effect of confining the dynamics of a
system to a tailored subspace by frequent measurements. The
dynamics shown in Fig. 2 agrees with this intuitive picture
since the Zeno infidelity P; vanishes as the displacement j
(which is proportional to the time between two measurements)
goes to zero.

(i) QZD can not only be induced by frequent measure-
ments but also by strongly coupling the system to a meter.
In fact, the two cases are formally equivalent in the limit of
a fast repetition rate and strong coupling [40]. In our case,
the coupling strength between the harmonic oscillator and
the three-level system is given by the field strength of the
Zeno pulse, g, = ¢./t, which is proportional to ¢,. Thus,
the quality of the Zeno confinement is very good for large
values of the Rabi angle ¢, even if § is large. For Rabi angles
¢, > 4m, P; and S;, are vanishingly small which is why this
parameter range is omitted in Figs. 2(a) and 2(b).

(iii) The coupling between the Zeno level and the dressed
state |4, z) induces a decay of the Zeno level population to
the level below, that is, back into the Zeno subspace. More
explicitly, the Hamiltonian A, [cf. Eq. (3)] will induce Rabi
oscillations

[z (1)) = cos (%) |h, z) + sin (%)H, z), (6)

while all other states |k, n # z) are unaffected by H,. The
action of the drive D is negligible on the timescale t since
a K g,. When performing a Zeno pulse with Rabi angle ¢, =
g.T # 2nm, a fraction of sin’ (%) of the population that has
been in the state |4, z) ends up in the state |+, z). According
to the definition of the dressed states, half of the system is
in the state |z — 1) here, i.e., back in the Zeno subspace,
which enhances the Zeno confinement. As a consequence,
if the initial state is lying above the Zeno level, ny > z, the
Zeno pulse has to be changed to be resonant to the |4, z) <
|+, z + 1) transition, to also benefit from this enhancement.

(iv) For m < ¢, < 2m, the phase of the |4, z) contribution
in Eq. (6) is negative due to the cosine. This leads to an
inversion of the dynamics back into the Zeno subspace which
improves the QZD additionally.

Note that there is one exception to the correlation between
dissipation Sy and the Zeno infidelity P;. For ¢ — 0, there
is no dissipation even though the population leaves the Zeno
subspace. In this case, the coupling between system and meter
vanishes and the system evolves freely without dissipation.

The signatures of non-Markovianity are strongest for Rabi
angles ¢, = 2nm with n being an integer, cf. Fig. 2(c). This is
because for small 8 and every choice of |z), a pulse Z, with
¢, = 2nm corresponds to the map |k, z) — (—1)"|h, 2), i.e.,
the pulse changes only the phase of the Zeno level and no
entanglement between system and meter is generated. In other
words, this choice of ¢, results in a quantum nondemolition
measurement [41] preserving the information of the system’s
state. In this case, the value of the non-Markovianity measure
can be calculated analytically (cf. Appendix A). The agree-
ment between the analytical and the numerical calculation is
remarkable, as can be seen by the data points in the inset of
Fig. 2. They reveal a linear increase of the non-Markovianity
measure with Rabi angle ¢, for a given displacement . For
constant ¢,, in turn, the non-Markovianity measure decreases
as B grows larger because the number of measurements N =
T/t « T/B, and hence the number of 2nm-pulses for fixed
T decreases. If N is fixed instead of T, the value of the non-
Markovian measure is roughly constant for a fixed value of ¢,.

B. Realizing the Markovian limit

For arbitrary values of z and Rabi angles ¢, # 2nm, en-
tanglement remains between system and meter at the end of
each time interval . Measurement of the meter then erases
information, resulting in less distinguishable states, such that
the system dynamics becomes Markovian. As shown in more
detail in Appendix B, the dynamics of the harmonic oscillator
in the Markovian limit can be described by a master equation
by assuming quasi-continuous measurements,

dp() _ o N
= —i[Hp, ps(t)] + kya| Aps(1)A" — E{A A, pg(1)}
R N | NN

+ Kkyn (Hﬁs(t)rﬂ -5, ﬁsa)}) @)
with the measurement rate « = 1/t, [1=|z)(z|, A=
|z — 1)(zl, and

1
yAzzsin2%, yn:4sin4%+yA. ®)
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Given the definitions of A and I1, Kk Y4 corresponds to the rate
of population transfer from the Zeno level to the level below,
and «yp to the dephasing rate of the Zeno level. The effect of
the operator A can be identified with the projection the popu-
lation back into the Zeno subspace as explained in Sec. Il A,
(iii). This becomes apparent by comparing the decay rate yu
with the weight of the |+, z) contribution in Eq. (6).

The master equation provides yet another angle, in addition
to Fig. 2, to illustrate the functionality of the quantum simu-
lator: The decay rates can be varied by tuning the experimen-
tally accessible parameters ¢, and «. Eq. (7) can be general-
ized in several ways as shown explicitly in Appendix B: taking
the Zeno pulse to couple |k, z) to |+, n) with arbitrary z and n,
it is possible to generate Lindblad operators |z)(z|, |n)(z| and
|[n — 1)(z| with tunable decay rates. For example, by choosing
n = z + 1, the situation is similar to the one presented above
but inducing population excitation, |z + 1)(z|, instead of re-
laxation, |z — 1)(z|. Choosing the system to be off-resonant
with respect to the |g) <> |e) transition of the meter provides
more freedom to adjust the decay rates. Taking the Zeno pulse
to couple to the |h, z) <> |e, n) transition allows to arbitrarily
tune the ratio between dephasing |z)(z| and population transfer
[n)(z|. In particular, it allows for inducing pure dephasing in
the special case of n = z. Finally, employing several pulses
at the same time engineers arbitrary decay channels for every
system state.

C. Implementation with two Zeno pulses

With a single Zeno pulse, dissipation and memory effects
cannot be tuned independently. This shortcoming is remedied
by employing two state-selective excitations simultaneously,
for example Z; and Z, addressing states |1) and |2), cf.
Fig. 1 (in principle, any two nondegenerate states can be cho-
sen). Even with two Zeno fields, only a single measurement
needs to be carried out at the end of time interval r. While
Z, controls memory effects, Z; induces dissipation: large
memory effects are obtained with a Rabi angle ¢, = 2nr,
and small ¢, results in strong dissipation (for our values of
the displacement B, ¢; < ). The interplay of two pulses
in the non-Markovian regime requires a numerical analysis.
As shown in Fig. 3, almost any combination of dissipation
strength, quantified by the linear entropy S;, and memory
effects, quantified by the measure Arp and calculated with
¥ =m (cf. Appendix A), can be realized by varying the
displacement S and the two Rabi angles ¢, and ¢;. The
gray dots in Fig. 3 show all combinations of S; and ANprp
obtained by sampling 8 from 0.01 to 0.5 in 80 steps, ¢, from
27 to 127 in steps of 27 and ¢; from O to 27w in steps of
0.01x. For simplicity, we consider the example of ¢, = 47
and ¢; < 7 in more detail (indicated by the colored lines in
Fig. 3). For small values of ¢, the dissipation S; is tuned by
¢ while keeping the non-Markovianity almost constant, as
can be seen from the initially flat curves. For larger ¢, the
curves reach a clear boundary at a linear entropy of S, = 1/2,
i.e., at the purity of the completely mixed two-level system
state. This is because Z, creates a perfect Zeno barrier at |2)
while Z; induces dissipation in the resulting two-dimensional
Zeno subspace whose linear entropy is limited by 1/2. When
increasing ¢ even further, the pulse Z; induces a Zeno barrier
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FIG. 3. Attainable combinations of dissipation S; and non-
Markovianity AV p using two Zeno pulses Z, and Z; with —iaT =
10 (dark grey dots). The colored lines highlight the combinations
of S, and MNpip for a Rabi angle ¢ = 47 with different values
of displacement B and Rabi angle ¢; < . The light gray shading
highlights the area which is attainable by an extended sampling
range.

at |1), and dissipation and non-Markovianity drop drastically.
Varying ¢,, on the other hand, will tune the non-Markovianity
linearly, similar to what is shown in the inset of Fig. 2. Since
there is no fundamental limit to the value of Apyp, the light
gray area in Fig. 3 is also accessible by extending the sampling
range, in particular the value of ¢,.

D. Tunability of the simulator

In the case of two combined Zeno pulses, Z; and Z;, the
dynamics depends on three control parameters (8, ¢1, ¢2)
where f is the system displacement induced by the coherent
drive D. Since the values of all three parameters affect both the
dissipation strength and the non-Markovianity, the discussion
of the tunability of the quantum simulator needs some special
attention. In the following, we provide a detailed analysis
of the dependency of the linear entropy Sy, quantifying the
dissipation strength, and the non-Markovianity measure Nppp
on the set of control parameters (B, @1, ¢,). Note that the
value of the linear entropy S;, at a fixed final time T can be
interpreted as different strengths in the respective decay rates.

We will start by discussing the dependency of the dissi-
pation and the non-Markovianity on the Rabi angle ¢, by Z,
which addresses the state |2). We set ¢, = 2nm with n being
an integer in order to induce strong non-Markovianity and
Zeno confinement as discussed in Sec. III A. In between, i.e.,
¢, # 2nm, the degree of non-Markovianity vanishes quickly
[compare inset in Fig. 2 (c)] which also allows access to the
Markovian regime. In the following, we will show that ¢,
tunes the non-Markovianity also in the presence of the second
Zeno pulse Z;.

Figure 4 shows the dissipation and the non-Markovianity
as a function of the Rabi angle ¢, for ¢y = 0.057 and five
different values of the displacement 8. Panel (b) shows clearly
that the non-Markovianity depends linearly on ¢,. The depen-
dency of the dissipation on ¢, on the other hand, is compar-
atively flat as can be seen in Fig. 4(a). However, the deviation
from a constant value grows with 8. Most notably does a Rabi
angle with ¢, = (4n + 2)m, and in particularly 27, lead to
more dissipation than ¢, = 4nm. The reason for this lies in the
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FIG. 4. Dependency of the dissipation S; (a) and the non-
Markovianity N p (b) on the Rabi angle ¢, for ¢; = 0.057. B is
fixed as given by the key. The horizontal gray lines in (a) indicate
a linear entropy of 1/2 and 2/3, respectively. The vertical gray line
indicates the value of ¢; shown in Fig. 5. The total duration 7' of each
propagation was set to fulfill —ia7 = 10m.

noncommutativity of the Hamiltonians Hp, [cf. Eq. (2)] and H,
[Eqg. (3)]. For large interaction times t (and accordingly large
values of ), the pulse Z, is not able to perform a perfect ¢,
pulse on the |k, z) <> |+, z) transition because the dynamics
is also affected by the drive D. As a consequence, the dressed
state stays populated at the time of the measurement and
dissipation occurs. A pulse with ¢, = 4nm, however, is less
affected by the noncommutativity of the operators because the
first and second half of the Zeno pulse will differ in sign as
shown in Eq. (6). In the same fashion as a spin-echo [42], the
second half reverts the unwanted effects of the first one. As
a result, a pulse with ¢, = 4nm will confine the dynamics of
the system to the two-dimensional Zeno subspace created by
it and the linear entropy cannot surpass the value of 1/2.

We will now turn to discussing the dependency of the dis-
sipation and the non-Markovianity on the Rabi angle ¢;. We
added the pulse Z; with the intention of inducing dissipation
in the two-dimensional Zeno subspace of the system and, in
the following, it will be shown that the dissipation S;, depends
particularly strong on ¢; if ¢; is very small.

As ¢, is switched on, the linear entropy rises rapidly from
0 to its maximal value 1/2 while Nprp varies sufficiently
slow (cf. Fig. 5). This points to ¢, being a suitable knob to
control the dissipation in the quantum simulator. Note that
the maximal value of the non-Markovianity depends on S
since NpLp is proportional to the number N of measurements
performed during the total time 7. Only for large values of
B, e.g., B = 0.4, the Zeno coupling induced by the pulse Z,
is not sufficient to confine the dynamics to a two-dimensional
Zeno subspace and the linear entropy takes values larger than
1/2. In order to provide full tunability of the dissipation in the
Zeno subspace of the system, it is sufficient to consider this
range of ¢, where the dissipation takes all the possible values
between 0 and 1/2.

Nonetheless, we will also discuss the parameter range after
the peak of Sy in order to provide deep insight into the
dynamics of the system. After the peak in dissipation and

— 3 =0.05 ----0.10 - 0.15 0.20 0.40
T T T

0.0 0.5 1.0 1.5 2.0
¢ /m

FIG. 5. Same as Fig. 4 but for variation of the Rabi angle ¢, with
¢, = 4m. The vertical gray line indicates the value of ¢; shown in
Fig. 4.

non-Markovianity, care must be taken since both quantities
drop as ¢ is increased further. In this parameter regime, Z;
induces Zeno confinement at |1) which prevents dissipation
from occurring. The confinement is stronger the smaller S
and it also prevents a population of |2), which is the origin of
memory effects, turning the dynamics Markovian. As ¢ —
27, the combination of two Zeno pulses Z; and Z, induce
induce a strong disturbance of the initial state |0) while
keeping it in the subspace {|0), [1),|2)}. Hence, both the
dissipation and the non-Markovianity rise significantly and
the initial state will drift towards the completely mixed state
with Sy = 2/3 (compare to boundary in Fig. 3).

We want to stress that the Zeno pulses can not only be
used to induce dissipation and non-Markovianity, but they
can also confine the dynamics of the system to a subspace
of adjustable size. In general, to confine the dynamics to a
d-dimensional subspace, one simply needs to choose the Zeno
level |z = d) by adjusting the frequency of the Zeno pulse Z,
accordingly. The dimension of the system should therefore
at least be three in order to enable nontrivial dynamics, but
can be arbitrarily large and even infinite as in our setup. It is
also possible to generate dissipation and memory effects on
multiple system states |z;) with i € {1, 2, ..., Nz} by varying
the frequency of a single Zeno pulse Z, as a function of time
or by employing multiple Zeno pulses Z,,. The number Nz of
maximally controlled states is then only limited by the number
of control pulses available.

IV. POSSIBLE EXPERIMENTAL IMPLEMENTATIONS

The presented scheme can be realized experimentally in
several ways. The proposed bipartite system of a harmonic
oscillator and a three-level system is very natural and can be
found in many experimental setups. One specific example is
cavity QED, where the harmonic oscillator can be identified
with one mode of microwave cavity and the three-level system
with three neighboring circular states of a Rydberg atom,
|[49C) = |h), |50C) = |g), and |51C) = |e). In the following,
we will discuss additional details on the realization of the
presented scheme in a cavity QED setup such as as proposed
in Ref. [35] by which our model was inspired.
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In this experiment, the Rydberg atoms interact with the
microwave cavity in an atomic fountain arrangement: the
atoms are injected into the cavity vertically from underneath
while they are accelerate downwards by their own gravity.
The turning point of the atom’s trajectory is adjusted to be
in the center of the cavity such that the interaction time
between cavity and atom is sufficiently long to perform the
experiment. The |g) <> |e) transition of the Rydberg atom
and the frequency w of the cavity mode can be chosen to
be resonant. The Rydberg atom then naturally fulfills the
condition wg = w <« @’ = wp,, and transitions to higher or
lower circular states are sufficiently far detuned from all
other transitions. In the simulations presented above, we take
the transition frequencies of the three-level system and the
harmonic oscillator, and the Rabi frequency €2 from Ref. [35].

Due to the cryostatic environment of the experiment and
the long lifetime of circular states in Rydberg atoms, “true”
dissipation due to field energy damping or atomic relaxation is
negligible on the relevant timescale. The atom will be excited
to the Rydberg regime when it is already located inside the
cavity which marks the beginning of one sequence of the
protocol. In order to specifically address a |h, z) <> |+, 2)
transition using a Zeno pulse Z, and distinguish it from the
nearby |k, z) <> |—, z) and |h, z) <> |—, z — 1) transitions, the
duration Atz of the pulse Z, has to be long enough, namely
Atz > 1/(Q]/z+ 1 — /z]) [35]. The end of one sequence
with interaction time t is triggered by ionizing the atom
within the cavity by field ionization.

Of course, our scheme is not limited to cavity QED but
an equivalent bipartite system can also be found in other
experimental setups, such as a superconducting qubit coupled
to a cavity in circuit QED [43], or a common vibrational mode
of trapped ions together with ion qubit states [44]. Moreover,
our approach is not restricted to modelling the system as
a harmonic oscillator. In fact, not even a bipartite setup is
required—it is sufficient to identify two different subspaces
in the quantum system, the “system” and “meter” parts, and
carry out state-selective measurements of the “system” using
the “meter.” An example for a realization in a single system
would be a Bose-Einstein condensate (BEC) with hyperfine
ground state levels encoding the system [45]. In general,
realization of our proposal requires three conditions to be met:
(i) existence of a system part whose dynamics are decoupled
from the meter part when driven by a classical source D,
(ii) selective excitation of system states by driving transitions
in the meter using one or several Zeno pulses Z_,, (iii) subject-
ing meter states to dissipation. Dissipation can be introduced
by projective measurement of the meter, as in the cavity QED
example, or it can be natural such as a fast decay. In the BEC
experiment, the Zeno pulse drives transitions to an excited
state hyperfine manifold such that the meter is subject to
spontaneous decay. Note that in this case, the number N of
maximally controlled states is limited by the dimension of the
meter subspace, i.e. the excited hyperfine manifold.

V. CONCLUSIONS

We have introduced a quantum simulator for open-
quantum-system dynamics with tunable non-Markovianity
which is universal in the Markovian limit. It is based on a se-

ries of indirect, state-selective measurements of a system by a
meter. The open system dynamics can be tuned from memory-
less to maximal display of memory effects by choosing the
amount of entanglement between system and meter at the
end of their interaction. Thus, our simulator directly realizes
repeated interactions between system and environment and
past-future (in)dependence [46]. The strength of dissipation
and degree of non-Markovianity can be engineered indepen-
dently by properly choosing the amplitudes of classical drive
and Zeno pulses. The frequencies of the Zeno pulses, in turn,
determine which system levels are subject to dissipation. Our
proposal uses the quantum Zeno effect to open the path to
experimentally study dissipation, memory effects, and their
interplay in open quantum system dynamics in a controlled
way. This will allow one to clarify the role of memory effects
for the controllability of open quantum systems [47]. In more
detail, we suggest to combine two experimental protocols—a
specific control protocol (to prepare a desired state or im-
plement a quantum gate) with the measurement-based open
system simulator. Changing the type and strength of dissipa-
tion in the open system simulator will allow one to determine
whether or not, and how well, the control protocol figure of
merit can be optimized. In the same spirit, such a combination
of quantum control and tunable dissipation opens the way to
investigating how memory effects alter control strategies for
open quantum systems as relevant for applications in quantum
technology.
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APPENDIX A: CALCULATION OF THE
NON-MARKOVIANITY MEASURE

In order to quantify memory effects, we use the BLP
measure [39]. It is defined as

Narp = max f d1 & (p12(0)). (Al)
o>0

p1.2(0)

where o (p1.2(0)) = %D(pl(t), p2(1)) is the rate of change of
the trace distance,

D(p1(@), p2(t)) = 5 Tr|p1(t) = pa(0)],

which is a measure of the distinguishability of two quan-
tum states p;(¢) and po(¢). The idea of the BLP mea-
sure is to integrate over all times where the distinguisha-
bility is increasing—a property which is characteristic for

(A2)
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FIG. 6. Energy level diagram of the bipartite system indicating
different subspaces: the Zeno subspace H; (red shaded), the Zeno
level |z) (blue shaded), the extended Zeno subspace H, (black
dashed box), and the subspace with purely unitary dynamics (grey
shaded).

non-Markovian dynamics. Evaluation of this measure requires
comparatively little numerical effort—propagation of two
well chosen initial states whereas the geometrical measure for
non-Markovianity given by the state space volume [48], for
instance, requires to propagate a full set of basis states. The
measure proposed in [49] based on maximally entangling the
system with an ancillary system leads to a further increase
of the total dimension of the Hilbert space and is hence not
practical for our purposes either. An obstacle for using the
BLP measure is that it requires optimization over the system
Hilbert space in Eq. (A1) in order to identify the initial state
pair p;2(0) which maximizes the measure—the so-called
optimal state pair. On first glance, this seems difficult for
the infinitely large Hilbert space of a harmonic oscillator.
Nonetheless, the BLP measure turns out to be suitable in our
case since we can reduce the size of the subspace in which
we have to perform the optimization significantly by using
our knowledge about the tailored interaction of the harmonic
oscillator and the meter.

The reduction of the system size goes as follows, cf. Fig. 6.
We know that the Zeno pulse only affects the Zeno level
and the level below since the dressed state we couple to is
[+, 2) = %(Ie, z—1) 4+ |g, z)). If the initial state is located
within the Zeno subspace Hz, signatures of non-Markovianity
can only arise from population in states within the extended
Zeno subspace H} = {|0),...,|z)}, whereas the dynamics
in the remaining Hilbert space are purely unitary. Numerical
tests confirm this conjecture. It is thus sufficient to consider
only the extended Zeno subspace for the optimization.

The optimization can be further simplified by considering
properties of optimal state pairs for the BLP measure in
general. From the definition in Eq. (A1) we can conclude that
the trace distance of the optimal state pair shows revivals for
the longest time with a maximal peak amplitude as compared
to all other state pairs. Ideally, the states oscillate between
being fully distinguishable, with trace distance equal to 1,
and fully indistinguishable, with trace distance equal to O.
Thus, the dynamics of the two states which form the optimal
pair should be as different from each other as possible. In a
qubit, this can be realized by choosing the initial state pair to
be orthogonal and on the boundary of the space of physical
states [50]. In our model, the Zeno level and a state within
the Zeno subspace form such a pair. The former is subject

to the quantum Zeno effect which means that the population
in the Zeno level is frozen. For the latter, quantum Zeno
dynamics (QZD) are induced and the population never leaves
the Zeno subspace. Thus, in an ideal Zeno situation, this pair
of initial states stays distinguishable forever. However, in our
realistic model with time-resolved dynamics, the Zeno pulse
introduces Rabi oscillations in the bipartite system. Thus the
overlap between the two states varies with time, leading to
oscillations of the trace distance which indicate information
flow and non-Markovianity. In the following, we seek to
calculate the time-dependent trace distance of such a state pair
explicitly.

We start by describing the dynamics of the first state of the
pair: a state in the Zeno subspace. In the Zeno limit, every state
in the Zeno subspace will be confined to it forever and will
only be driven coherently by the drive D [cf. Eq. (2)]. In the
special case of z = 2, an arbitrary state in the Zeno subspace
can be parametrized by its Bloch angles,

9, 9) = ) 10y 4sin (2 ) e
V(@ ¢)) = cos | 5 |0} +sin | = Je*[1),

and the unitary evolution induced by D takes the form

Uz=2 (t)

(A3)

— @) {0l+a|0) (1))

1 0 .. 0 —ita
cos(|a|t)<0 ]>—lsm(|a|t)(e,»% eo >

(A4)

with o = |a|e’® being the amplitude of the field D. The
eigenstates of this map are

L
NG

For our choice of —iaT = 27, we obtain ¢, = /2 leading
to et = +i.

The second state of the pair is the Zeno level, |k, z), and
in the Zeno limit the Zeno pulse will freeze the population in
this state (quantum Zeno effect). On the timescale of the Zeno
pulse, however, the pulse will induce oscillations between the
initial state and the dressed state |+, z), as shown in Eq. (6).
For g,t = m, the final state is the dressed state. At this point,
the reduced density matrix of the system will read

‘I/f(l? =2 o= :I:(poz)> = —(0) + 1)) (A)

2

szf)zéﬂzéw—n@—u+m@u (A6)
z

For g,t = 27, the population has oscillated back to the initial
state.

We now consider the initial state pair {|\W,) = |V (¢, ¢)),
|W,) = |2)} for the special case of a Rabi angle ¢, = 27. In
the beginning and end of each time interval 7 the state |W;)
can be found in the Zeno level, the overlap between the two
states is zero and the trace distance is one. No information
is destroyed during the measurement at this point because
the system and the meter are separable. In between, |W,(t))
can be found in ,05”) which has the largest overlap with the
level |z — 1) that is possible when starting in the Zeno level.
The trace distance will thus oscillate quickly between 1 and
the lower envelope given by the trace distance of |V (¢)) =
U, () |¥ (P, ¢)) evolving in the Zeno subspace and [V, (¢))
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FIG. 7. Evolution of the trace distance for two different ini-
tial state pairs with Rabi angle ¢, = 47 and a displacement g =
0.025. The state pairs are |V) = |¥ (¥ =0, ¢ =0)) =10) (red)
and V) =y =F,9=3)) = %(IO) +i[1)) (blue) which is
an eigenstate of U,—,(t), paired with the Zeno level |W,) = |2). The
dark lines show the result of the analytical calculation of the lower
envelope, the light lines show the numerical calculations. The inset
shows the fast oscillation of the trace distance due to the Zeno pulse
Z, acting on |\WV;). The vertical black dashed lines show the positions
of the meter’s measurement.

being pén). Note that if the Rabi angle is different from ¢, =
2nm, the system and meter will be entangled at the time of the
measurement which decreases the trace distance with every
measurement. As a result, the integrated trace distance and
hence the BLP measure will be maximal for ¢, = 2nr.

To calculate the lower envelope trace distance [cf.
Eq. (A2)], we have to express both states in terms of density
matrices. The density matrix of the state within the Zeno
subspace is simply given by p; () = |W(¢)) (W (¢)| while we
assume the second state to be in mixed state pé”) [cf. Eq. (A6)]
all the time. Afterwards, we have to calculate the eigenvalues
of the matrix p;_,(t) = p1(t) — pé”). Using computer algebra
and ¢, = /2, we obtain

1
ao=—1

1 & Lie T {e* (4sin(0) cos(p) sin(2lat)
— 4cos(0)cos2|alt) — 5)}2.

A23

The envelope of the trace distance is then given by
D(p(t), p2()) = % Z?zl |X;(t)|. The result is shown for the
two extremal cases in Fig. 7. If we choose |V|) to be one
of the eigenstates of U,—,(¢) [cf. Eq. (AS)], the envelope of
the trace distance is constant (dark blue line). If we choose
W) = |¥ (@, ¢ = {0, })) such that it lies on the meridian of
the Bloch sphere (dark red) the envelope of the trace distance
undergoes slow oscillations due to the drive D [cf. Eq. (A4)].
The red curve in Fig. 7 shows the case |¥;) = |0) where
¥ = 0. A variation of ¥ will simply shift the curve on the
time axis. This is because the drive D will induce a rotation
around the y-axis for our choice of ¢, = 7 /2 and every state
that lies initially on that meridian will stay on it. In more
general terms, the rotation axis 7, depends on the phase of
the complex amplitude « as

iy = (cos ¢y, sing,, 0) = (Rew, Ima, 0)/|x|.

The eigenstates are given by Eq. (AS5) and the states with
¢ = x¢, + 7 /2 will evolve on a meridian through the Bloch
sphere’s poles.

|¢(19a Y= {07 77})>

max. Nerp min.

FIG. 8. BLP measure Nyp for different initial states |¥,) =
¥ (9, ¢)) on the Bloch sphere spanned by the Zeno subspace
{10y, |1)}. The second state of the state pair is the Zeno level |¥;) =
|2) outside of this subspace. The parameters are § = 0.025 and ¢, =
4r. The data was obtained numerically but the analytical expression
in Eq. (A7) gives the same results.

The value of the BLP measure is now connected to the area
enclosed by the lower envelope and the D = 1 line in Fig. 7.
The trace distance oscillates between the lower envelope and
1 every time a 27 pulse is completed on the |k, 2) < |+, 2)
transition (see light lines indicating the numerical calcula-
tions). Since the BLP measure sums up all the areas where
the trace distance is increasing [cf. Eq. (A1)], we have to sum
n peaks per time interval 7 for ¢, = 2nm (see inset in Fig. 7,
there are n = ¢, /2w = 2 peaks between two measurements).
This leads to the final expression

)

j=1

(AT)

where T = Nt. Note the remarkable agreement of the an-
alytical envelope and the numerical calculations in Fig. 7
albeit the assumption of a perfect Zeno confinement. Finally,
Fig. 8 shows the BLP measure for different initial states |\ ).
The BLP measure takes a minimum for the eigenstates of
U,—»(t) and a maximum for the states on the meridian with
¢ = {0, r}. This is because the blue area in Fig. 7 which
describes the evolution of the trace distance for the eigenstates
is smaller than the red are which describes the states on the
meridian.

Summing up, the optimal state pair which leads to the
maximal value of the BLP measure was found to be composed
of the state |Vy) = |Y (¥, ¢ = £¢, + 7/2)) which lives in
the Zeno subspace spanned by {|0), |1)} and depends on the
phase ¢, of the complex amplitude « of the drive D, and
the Zeno level |z =2). Note that the calculations can be
generalized to larger values of z > 2. The larger dimension of
U,(t) [cf. Eq. (A4)] will turn the equations more complicated
but the central results remain unchanged.

When considering two Zeno pulses, Z; and Z;, to in-
duce non-Markovianity and dissipation, the optimal state
pair is possibly different since all three states in the ex-
tended Zeno subspace 7 take part in the nonunitary
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dynamics induced by the Zeno coupling and the measure-
ment. A numerical reoptimization was performed for the
specific case of {8 = 0.025, ¢, = 47, ¢ = 0.257} providing
both dissipation (S, = 0.48) and a large amount of non-
Markovianity (about twice as large as without having the
second Zeno pulse Z;). After optimizing |¥;) numerically,
the optimal state pair for this set of parameters was found
to be {|¥)) = |Y (¥ = 0.56m, ¢ = 1.927)), |¥,) = [2)}. To
be exact, this optimization would have to be performed for
all considered parameters {8, ¢», ¢1} and with considering
choices other than |W;) = | (¥, ¢)) and |¥,) = |2) for the
optimal state pair. However, the minimal and maximal value
of the BLP measure differ by about 1% only and since
the absolute value of the BLP measure is not important,
we choose {|W;) = - (]0) 4 |1)), |W¥,) = [2)} throughout for

2
simplicity.

APPENDIX B: DERIVATION OF THE LINDBLAD
MASTER EQUATION

The most general way to describe the dynamics of
a Markovian open quantum system is by means of a
Gorini-Kossakowski-Sudarshan-Lindblad equation. The ex-
plicit form of the decay rates and Lindblad operators gives
information on the kind of dissipation occurring in an open
quantum system and it provides us with a recipe on how to
control the open-quantum-system simulator. In the following,
we show the detailed derivation of the master equation in
Lindblad form shown in Eq. (7).

We start from the piecewise dynamics of Eq. (4) which
describes the reduced state of the system after interacting with
a meter during time 7. When writing down this equation, we
have assumed to employ a single Zeno pulse Z, which acts on
an arbitrary Zeno level |z). The first step is to evaluate the
partial trace and to derive the Krauss representation of the
dynamical map. To this end, we expand the time evolution
operator U (dt) using the Baker-Campbell-Hausdorff formula
up to first order,

U( dr) = e—i(ﬁl)+ﬂsm+ﬂ,)dt ~ e—iﬂl)dt e—iﬁmdt e—iI-Ldt

The expression for the unitary evolution of the bipartite
state, U (r),é(t)U (1), can be simplified using two properties.
First, we start each sequence of coupling the system to a
meter with the separable initial state p(t) = p(t) ® |h) (h],
where P (¢) is the reduced state of the system and |h) is
the initial state of the meter. Second, it is easy to see that
(Ao, Ps(t) @ |h) (h]] = 0 since Hqy [cf. Eq. (1)] couples the
system to the |g) <> |e) transition of the meter. By combining
both, we can evaluate the partial trace explicitly and we arrive
at

Pt +dn) =) winUp@d) () U@y w),  (B1)

j=h.g.e

with  Op(dr) = e"#od"  and  wy, = (j|U,(dr)|h)  with
U,(dt) = e 4 To describe the dynamics in its most
general form, we write the Zeno Hamiltonian as

A = @(m, 2) (4, 1l + |+, n) (h, 2) (B2)

with n and z being arbitrary. Next, the unitary U, (dt) can be
rewritten as

T)(Ih, z) (h, z| + |+, n) (+, n])

)
T(lh, 2) {(+, nl + |+, n) (h, z])

with the Rabi angle ¢, ,) = g(..n)dt. Using this, the operators

w;, can be calculated to

Wy, = ﬂs — (1 — CosS @)ﬁz, (B3a)
i . ¢ n
W = _E sin (; ) L, (B3b)
i . ¢(z n) ¢
oh = ——= Sin —— L, h—1), B3c
Wej, 7 == Len-n) (B3c¢)
where
.= l2)Xzl, Ly = Im) (2l

are system operators. Note that Eq. (B1) can be interpreted
both as the description of a measurement process with three
measurement operators and as the Krauss representation of an
open quantum system’s evolution. The operators depend only
on the Zeno Hamiltonian of Eq. (B2) and the meter’s initial
state and therefore the generalisation of the derivation to
systems other than the harmonic oscillator is straightforward.

Furthermore, a time-continuous master equation in Lind-
blad form can be derived by assuming the measurement to be
performed continuously with constant rate x = 1/t such that
the number of measurements in a time interval dt is kdt. This
can be interpreted as the “smearing” of one measurement over
the whole time interval 7. As a result, the master equation will
not describe the same evolution as the piecewise dynamics
for large values of t. Using this assumption and going to the
interaction picture with respect to the coherent evolution Hp,
we can rewrite Eq. (B1) to [51,52]

Pt +dny=kdt Y wi p)wh, + (1 —kdt) py().

j=h.g.e

Finally, we calculate the derivative of the reduced state as
% = limy, 0 w and go back to the noninteract-

ing picture [51,52],

dp,(t)
dt

= —i[Hp. pJ+x| Y wpp ) wh, — pyt)
j=h,g.e

The Krauss operators of Eq. (B3) can be inserted and the terms
rearranged using that [T, is idempotent and I1, = Z‘(szm)zf(z,my
This leads to the Lindblad operators L. ), L..,_1) and [T, with
the decay rates

1 n
Yen = VYen-1) =3 sin® <%> (B4a)
¥, = 4sin* (%) (B4b)

023133-9



PATSCH, MANISCALCO, AND KOCH

PHYSICAL REVIEW RESEARCH 2, 023133 (2020)

(a)

0.25
0.20 0-4
. 0.15 0.3
0.10 0.2
0.05 0.1
0.00 0.0

P2/m

p2/m

FIG. 9. Difference obtained when solving the master equation
and using the piecewise dynamics for the Zeno infidelity P; (a) and
the dissipation S (b) as a function of the displacement 8 due to the
drive D and the Rabi angle ¢, accumulated due to the Zeno pulse Z,.

Finally, when choosing n =z and with f1 =11, = L., =
l2)(zl, A=Lee—y=lz— DGl yn =72+ Veo and ya =
Y(z.z—1) We arrive at the master equation as shown in Eq. (7).

To assess the agreement of the master equation (7) with the
piecewise dynamics of Eq. (4), we propagate the initial state
|0) with z = 2 using both methods. Figure 9 shows the dif-
ference in infidelity of the QZD, P, and in the linear entropy
S, between the two pictures. It can be seen that they show
good agreement for small Rabi angles ¢, or displacements .
However, the two pictures deviate if our assumptions during
the derivation of the master equation are violated. Firstly, the
agreement deteriorates for large B, since this contradicts the
assumption of continuous measurements, d¢ — 0. Secondly,
we have used the Baker-Campbell-Hausdorff formula up to
first order to derive the Krauss representation. We thus make
an error which is of the order of the commutator of Ap and H,
which scales as ¢, 8. Therefore the deviation also rises as ¢,
increases.

Next, we want to discuss the master equation for some
other cases. For n = z + 1, we arrive with the Lindblad op-
erators

B=Ley=lz+ 1, MN=1,=Lcy=l2(

with the decay rates yn = y; + Y.z and yp = Yz z+1). This
case is similar to the one above with n = z, but the Lindblad
operator B now describes population excitation instead of
relaxation. Going to the off-resonant case allows for even
broader generalization where off-resonant refers to the tran-
sition frequencies of the harmonic oscillator w; and the
|g) <> |e) transition of the meter w,, with A = w,, — w;. For
large detuning A >> Q, the dressed states tend towards the
uncoupled ones, |+, n) ~ |e,n — 1) and |—, n) ~ |g, n) [36].
The remaining interaction leads to a slight shift of the bipartite
energy levels which still allows for state selective excitation.
If we now couple the |k, z) <> |e, n) transition with a Zeno
pulse, we are able to create the Lindblad operators Ii(w) =
|n)(z| and ﬁz = |z)(z| where the corresponding decay rate
relate to the resonant case in Eq. (B4) as v, ,) = 2y, and
v{ = y,, respectively (the superscript e refers to the coupling
to the meter state |e, n)). The ratio between the two decay rates
is given by

Yém _ cof? <¢(z,n))_
¢ 4

Z

FIG. 10. Decay rates, y4 and yp, and their ratio for the off-
resonant case coupling |h, z) <> |e,n = z — 1) (solid lines) and the
resonant case coupling |4, z) <> |+, n = z) (dashed lines).

Figure 10 shows the decay rates in the resonant case with
n = z (dashed lines) and the off-resonant case withn =z — 1
(solid line) which both induce the same Lindblad operators
T =|z)(z] and A = |z — 1)(z|. In the resonant case, the ratio
never exceeds the value 1 rendering it impossible to engi-
neer decay rates with y4 > y,. In the off-resonant case, on
the other hand, the ratio varies between oo for ¢, = 0 and
0 for ¢, = 2m. By additionally adjusting the measurement
rate «, by which all the decay rates have to be multiplied,
it is possible to tune the ratio and the amplitude of the
decay rates arbitrarily. Finally, in the special case of n =
z in the off-resonant case, the pulse induces pure dephas-
ing L. ;) = [1, = |z)(z| with the decay rate y¢ = y; + 2)(.0)
[cf. Eq. (B4)]. In the same spirit, we can couple |4, z) to |g, n)
in the off-resonant case. This case is completely analogous to
coupling to |e, n) but gives yet another degree of freedom to
tailor the open systems dynamics.

While one might think that generating arbitrary sets of
Lindblad operators is hampered by connections between them
due to the Rabi angles, the number of linked decay rates is
actually very small. For instance, a coupling of the Zeno level
|, ) to the dressed state |+, n) will induce the three Lindblad
operators 1. = [2)(z], Ly = In)(z] and L1y = In — 1)(z]
whose decay rates y;, Vin and y.—1), cf. Eq. (B4), all
depend on the same Rabi angle ¢ ). This can be reduced
to two Lindblad operators, f[z = |z)(z| and lAl(w) = |n){(z|, or
even a single one describing pure dephasing I1. (for n = z)
simply by going to the off-resonant case, as explained above.
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FIG. 11. Decay channels in the resonant case. The straight ar-
rows in the middle of each panel indicate the driven transitions, the
snaked arrows indicate the effective decay channels in the master
equation.
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In other words, only between one to three decay rates depend
on the same Rabi angle.

The key to engineering decay rates which are independent
from each other is to combine several Zeno pulses Z;, ,, which
address different transitions |4, z;) <> |+, n;). The Rabi angles
@.n) can then be tuned for each pulse independently leading
to independent decay rates. Figure 11 shows the combination
of four exemplary Zeno pulses in the resonant case. The only
exception to the compatibility of the pulses is that the same
dressed state |+, m) cannot be addressed with several pulses

without introducing correlations, possibly undesired ones,
of the decay channels. For instance, we cannot address the
|h,2) — |4+, 2) transition (red arrow), inducing dephasing on
|2) and deexcitation |2) — [1), and the |k, 1) — |+, 2) tran-
sition (green arrow), inducing dephasing on |1) and excitation
[1) — |2), at the same time because both address |+, 2).
This does not, however, reduce the generality of the scheme
since simultaneous deexcitation, |2) — |1), and excitation,
[1) — |2), can be replaced by an effective (de)excitation
rate.
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