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Problem 21: Density matrices (1+1+1+1+1+1+1+1=8)
Let H be ad-dimensional Hilbert space and denote the set of linear operators onH by B(H) :=
{A : H → H | A linear}. A self-adjoint operatorA ∈ B(H) is calledpositive semi-definiteiff
〈ψ|A |ψ〉 ≥ 0 for all |ψ 〉 ∈ H, which is denoted byA ≥ 0.

a) LetA† = A ∈ B(H). Prove thatA ≥ 0 if and only ifA has no negative eigenvalues.

The set of density matrices onH is

S(H) := {ρ ∈ B(H) : ρ ≥ 0, Tr(ρ) = 1}. (1)

b) Let ρ ∈ B(H). Prove thatρ is a density matrix if and only if there is a probability vector
p ∈ [0, 1]n and normalized state vectors( |ψj 〉)nj=1 ⊂ H such that

ρ =
n
∑

j=1

pj |ψj 〉〈ψj | . (2)

c) LetA† = A ∈ B(H), i.e,A is an observable. Prove for the decomposition (2) that

Tr(ρA) =

n
∑

j=1

pj 〈A〉ψj
, (3)

i.e., that the expectation value ofA in stateρ is the same as the expectation value w.r.t.pj of the
“pure state expectation values”〈A〉ψj

= 〈ψj |A |ψj〉.
d) Consider the special caseH = C2. Show that the decomposition (2) is not unique, i.e., find

pairwise different and normalized|ψ1 〉 , |ψ2 〉 , |φ1 〉 , |φ2 〉 ∈ C2 and probability vectorsp, q ∈
[0, 1]2 such that

2
∑

j=1

pj |ψj 〉〈ψj | =
2

∑

j=1

qj |φj 〉〈φj | . (4)

e) Find a necessary condition on( |ψj 〉)nj=1 in Eq. (2) such thatn is the rank ofρ.

A stateρ ∈ S(H) is calledpure if there is a vector|ψ 〉 ∈ H such thatρ = |ψ 〉〈ψ | andmixedif no
such a vector exists.

f) Prove thatρ ∈ S(H) is a pure state if and only ifTr(ρ2) = 1.

g) Prove thatS(H) is a convex set, i.e.

ρ, σ ∈ S(H) ⇒ λρ+ (1− λ)σ ∈ S(H) ∀λ ∈ [0, 1]. (5)

Remark:This implies that a probability distribution over quantum states naturally defines again
a quantum state.

A point ρ ∈ S of a convex setS is called anextremal pointof S if it is impossible to write it as a
non-trivial convex combination of two other points, i.e., for all ρ1, ρ2 ∈ S andλ ∈]0, 1[

ρ = λρ1 + (1− λ)ρ2 ⇒ ρ1 = ρ2. (6)

h) Prove that the extremal points ofS(H) are exactly the pure states.
Hint: First, conclude that the pure state are exactly the ones of rank one.
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Problem 22: Tensor product (1+1+1+1+2)
Let H be ad-dimensional Hilbert space with basis{|j 〉}dj=1 . The dual spaceH∗ has the basis
{〈j |}dj=1, satisfying the orthonormality relation〈j|k〉 = δj,k.

Similarly, letHi with i = 1, 2 be two otherdi-dimensional Hilbert space with basis{|j 〉i}dij=1. We
will often use the common notation

|j, k 〉 := |j 〉 |k 〉 := |j 〉 ⊗ |k 〉 := |j 〉1 ⊗ |k 〉2 . (7)

The vectors{|j, k 〉}j=1,...,d1; k=1,...,d2 are an orthonormal basis of the (tensor) product spaceH1⊗H2

and satisfy the orthogonality relations

〈j, k|l,m〉 = 〈j|l〉 〈k|m〉 = δj,l δk,m. (8)

The tensor product of two arbitrary vectors|ψ 〉 ∈ H1 and |φ〉 ∈ H2 can be defined via bilinear
extension as

|ψ 〉 ⊗ |φ〉 :=
d1
∑

j=1

d2
∑

k=1

〈j|ψ〉 〈k|φ〉 |j, k 〉 . (9)

a) What is the Hilbert space dimension of then-fold tensor productH⊗n = H⊗ . . . ⊗H?

b) For |ψ 〉 ∈ H1 and |φ〉 , |ξ 〉 ∈ H2 show that

|ψ 〉 ⊗ |φ〉+ |ψ 〉 ⊗ |ξ 〉 = |ψ 〉 ( |φ〉+ |ξ 〉) . (10)

There are the natural isomorphisms

H⊗H∗ → B(H), |j 〉 ⊗ 〈k | 7→ |j 〉〈k | , (11)

H1 ⊗H2 → H2 ⊗H1, |j 〉 ⊗ |k 〉 7→ |k 〉 ⊗ |j 〉 (12)

and consequently

B(H1)⊗ B(H2) → B(H1 ⊗H2), |j 〉〈k | ⊗ |l 〉〈m | 7→ |j, l 〉〈k,m | . (13)

Therefore, one often writes, e.g.,|j 〉〈k |⊗ |l 〉〈m | = |j, l 〉〈k,m |. Importantly, |ψ 〉⊗ |φ〉 6= |φ〉⊗ |ψ 〉
in general, even ifH1⊗H2

∼= H2⊗H1. So one needs to be careful here: If one reorders basis elements
during one calculation one needs to reorderall basis elements in the same way!
In terms of the basis (11) an operatorA ∈ B(H) can be written as

A =

d
∑

j,k=1

aj,k |j 〉〈k | . (14)

c) How can one calculate theaj,k?

d) For the special case, whereA = σx ⊗ σz find the basis expansion (14) ofA explicitly, where
σx, σy, andσz denote the Pauli matrices.

e) Show that forA,C ∈ B(H1) andB,D ∈ B(H2)

(A⊗B)(C ⊗D) = (AC)⊗ (BD). (15)
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Problem 23: Two indistinguishable particles (1+1+1+1+1)

a) Consider two state vectors|ψ 〉 and |φ〉 that represent indistinguishable states of a quantum
system. Which mathematical relation between|ψ 〉 and |φ〉 is necessary and sufficient for indis-
tinguishability? Explain your answer!

The swap operatorS ∈ B(H⊗H) is defined via

S |j 〉 |k 〉 = |k 〉 |j 〉 , (16)

where{|j 〉}j is some orthonormal basis of the Hilbert spaceH.

b) Show that the eigenvalues ofS arespec(S) = {−1, 1}.

From now on we consider the case, where the one-particle Hilbert space is two-dimensional, i.e.,
H ∼= C2.

c) Show that the famousBell states

∣

∣φ+
〉

= ( |0, 0〉+ |1, 1〉) /
√
2,

∣

∣φ−
〉

= ( |0, 0〉 − |1, 1〉) /
√
2, (17)

∣

∣ψ+
〉

= ( |0, 1〉+ |1, 0〉) /
√
2,

∣

∣ψ−
〉

= ( |0, 1〉 − |1, 0〉) /
√
2 (18)

are an orthonormal basis for our two-particle Hilbert-space.

d) For each eigenspace ofS find a basis in terms of Bell states.

e) Now consider quantum state|ψ 〉 of two indistinguishable particles, one of which is in state
|ψ1 〉 ∈ C2 and the other in state|ψ2 〉 ∈ C2. Conclude that|ψ 〉 is either symmetric or anti-
symmetric under exchange of the two particles.
Remark:If |ψ 〉 is symmetric the particles are calledbosonsand if |ψ 〉 is anti-symmetric then
they are calledfermions.
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